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Ch , Abstract 

o 

Based on the RTT relation for the given rational i?-matrix the Yangian and 
truncated Yangian are discussed. The former can be used to generate the long- 
range interaction models, whereas the latter can be related to the Goryachev- 
Chaplygin(GC) gyrostat. The trigonometric extension of the Goryachev-Chaplygin 
gyrostat has also been shown. 



I Introduction 



The RTT relation plays the central role in setting up the connection between the com- 
pletely quantum integrable systems and the quantum group symmetry [1-6]. For a 
given i?-matrix satisfying the Yang-Baxter equation(YBE) variety of operator-valued 
transfer matrices T{u) can be found to satisfy the RTT relation. On the one hand the 
tr T{u) = Em""/^^"^ gives the conserved quantities h^"^^ including Hamiltonian, on the 
other hand the commutations [Tab{u) , Tcd{v)] obtained through RTT relation generate 
the well-known quantum group. Especially, when i?-matrix is rational it defines Yan- 
gian [0] for some Lie algebras. From this point of view the RTT relation is an unified 
description of both symmetry and physical model that are closely related to each other 
for a considered quantum integrable system. 
A solution of RTT relation 

R{u - v){T{u) ® r(f )) = (T(f ) T{u))R{u - v) (1.1) 

depends on the given form of R{u), where 

R{u) = R{u)P (1.2) 

and P stands for the permutation. 

The simplest rational solution of YBE is well-known as ^ 

R{u)=uP + I (1.3) 



where u is the spectral parameter and I the identity. The RTT relation (|1 . 1|) defines 
the Yangian associated with s/(n) algebra |jll| for 

T{u) = \\TM\\lt=i- (1-4) 
Whereas the operators Tab are given by 

oo 

T.,(^x) = E«-"Ti?- (1-5) 

n=0 

The standard procedure to deal with the problem is as the following: 



1. For the given ( |1.3| ) find commutation relations for T^^^^ tliemselves on tlie basis of 
O) and (0). 

2. Re-explain such commutation relations in terms of the generators of Hopf algebra, 
for example, la, Ja (« = 1,2,3) introduced by Drinfeld 

3. Make special realization of the commutation relations, i.e. specify the particularly 
physical objects, satisfying these relations. 

4. Obtain the Hamiltonian through such a physical realization. 

In this paper we would like to carry out the procedures 1-4 to generate some quantum 
integrable models including long-range interaction models [9-19] and Gyrostat model 



that are extension of the discussed models in Refs. I^O], pl| ]. 

This paper is organized as the following. In section II the general formulation of the 
commutation relations for T^^^'' will be given, based on which we shall distinguish the 
Yangian case from the Heisenberg type of algebraic structure. In section III some long- 
range interaction models with internal degree of freedom will be turned out to belong 
to the RTT scope, in section IV the GC Gyrostat is shown to belongs to the Heisenberg 
type of Yangian with truncation. Finally we briefly show some more results in this 
respect. 

II Commutation Relations of T^^^^ for s/(2) 

For the given R{u) ( |1.3|) and the expansion ( p.. 51) the RTT relation gives 

[ri?,Ti?]=0 (a,6,c,d=l,2) (2.1) 

and 

rrp{n+l) rpim)-, _ rrp{n) rpim+1)-, rp(n)rp{m) _ rp{m)rp{n) _ PI (0 n\ 

[''-be i-'-ad \ l-' be ^ ad J"r-^ac -'fed -'-ae -'-bd l^-^J 
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From ( ^.21 ) it follows that T^^'^^ should be c-numbered matrix, thus it can always be 
chosen to be diagonal 



y(o) 



A 
fi 



(2.3) 



where A and ^ are arbitrary constants. 

After calculations the relations ( p.2|) and 
pendent set of relations: 



(a) [ATi2^ -^("^ ^('^1 



[ATi") 



P-'ll ) -'21 J 



2A/.Ti^\ 
-2A^r^\ 



(n) ^(l)n 
12 1 -^21 J 



XT^l"; ,,T'^"'' r\T"(") _L /,T"W 



can be reduced to the following inde- 



-ab J 



(2.4) 



for n 
(b) 



1,2. 



rf,ATi? 

(") ^(2)i 



/.Tli^)] + 2A/x(Til¥, 



12 



rif T«) = 0, 



22 



[Ari? + /.Ti7,T2\^1+Tr(Ar, 



^(1) 

22 



(1) 
22 

in) 
22 



0, 
0. 



(2.5) 



2A/ir(2"+') 



[ATi") 



xrpin+l) rpin+1) 



P-'u ? -'12 J 



\rp{n) rp{^)-l , rpil)rpin) rpKJljrp 

i-' 12 ) 21 J "T 22 11 ~ 22 ] 



22 -^11 ) 



trpi2) \rp(n) rpyn 



(n) 



(2.6) 



(d) 



r7^(") rpim)i 
Y-'-ab ^ -'^ab J 

r^(n) rpim)-, 
Y-'-ab ^ -'-cd J 



rrT.(m) rpin)-, 
Y-'-ab ' cd J 



(2.7) 



From ( |2.3|) one can consider only two possibilities 



(i) A = /i = 1, 

A = 1, fi = 0. 



[II 



(2.8) 
(2.9) 
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For the case (i) the set of ( p^.4| )-( P77D defines the Yangian associated with sl{n). The 
Drinfeld's Yangian is defined by |T]] 

[Ix,I^j] = Cx^ulu, [Ix, Jfi] = Cx^uJui (2.10) 

[J\, [J^JL, Iv\] — [Jfi, Jv\] = h'^CiXf_iUQl3"/{Iai 1/3, -^7}, (2-11) 

[[Jx,J,],[Ir,Ja]]-[[Jr,U[h,M] 

= h'^ {dx^ua/S-yCrau + O'Taua/S-yC X/mu) {^ai IfSiI^}) (2-12) 

where 

Cxf,u = iex^,u (2.13) 

{Xi,X2,Xs} = X! ^^(l)2;7r(2) 3^71(3)- 



For sl{2) both of the sides of ( [2.11| ) vanish and ( 2.12| ) can be recast to 



[^3,[J+,J-] = ^/3(J-/+-/-J+) 

[J±, [J3, J±]] = ^I±{J±h - I±h) (2.14) 
2[J3, [J3, J±]] + [J±, [J±, JtW = ^h{J±h - I±J3) + I±{I-J+ - J-I+) 



where /± = /i ± 2/2 and J± = Ji ± zJ2, in terms of which the p.lOp read 



[/3,/±] = ±/±, [/+,/_] =2/3, 

[^3,/±] = [h,J±]=±J± (2.15) 

[J±,J^] = ±2J3, [/±,J±] = [/3,J3]=0 



Now we set 



r« = = «_/_, tW-t«= 2/3, 

Ti?=/5+J+, tS^=(3.J., T2? - T^f = 2/53J3. (2.16) 
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Substituting {^J§ into with X = = 1 (except for [T^^'^ + tI'1\t^I'^] = 0) and 
( |2.7| ) with n,m = 1,2, one finds that they are satisfied if 

a+CK- = 1, /3+Q!_ — = /^a. (2-17) 

By virtue of (gTT^) substituting ( pl6D into and (|2]|) where n = 1, 2 and ( p^TI ) with 



n, m 



2, 3 we derive if 



= (2.18) 

The higher-ordered term T^^^^ can be generated by the set of iteration relation ( ^.61 ). 
Obviously the transformation 

Ja — >■ Ja + const. (2.19) 

still satisfy the Yangian. 

Therefore, when A = /i = 1 we derive the Yangian associated with sl{2). Without 
doubt it is a kind of model-independent symmetry. In order to obtain the real physical 
model we have to impose the physical restriction to the T{u) such that the Hamiltonian 
can be specified. An interesting example is the long-range interaction models. 



We would like to emphasize that if A = 1 and /i = in ( p.3| ) it will give rise to the 
quite different algebraic structure. Under such a circumstance we have 

[T^1\t!S] = [Tir\ T,«] = [Ti-\4l^] = (2.20) 

and 





-'ll J 


rpin) 
— 12 




[Til' 


-'ll J 


rp{n) 

— "-^21 


(2.21) 




-'21 J 


rp{n) 

— -^22 





where in the left hand sides of ( |2.21| ) the relations with the interchange between (n) 
and (1) are also valid. Obviously, ( |2.21| ) contains a Heisenberg algebra, for example, by 
setting n = 1 and T22 = 0: 

tII'=W, TS = e-\ Ti^) = e+^ (2.22) 



if [p, q] = —i. This is the reason why we call the algebra Heisenberg type. 

For ^ = and A = 1 (|2.2|) is reduced to the following independent sets of relations: 



rrp{n) rp{2)l rp(n)rp(l) rp(l)rp 

[-f 22 ) 11 J "T 21 12 21 ] 



(n)^(l) 



.(l)^(n) 



12 



0, 



for n > 2 and 



\rp{n) rpim)-, 
l-'-ab ' ab J 



i-'-ab ^-'-cd \ 



lrp{m) rp{n)-i _ p, 

i-'-ab 5 cd J — U 



where a,b,c,d = 1,2. 

In the section IV we shall return to the algebraic structure of (|2.20|) - (|2.25|) 



(2.23) 



-'12 


_ \rp{2) rpin)-, 

— [-f 12 ) 11 , 


1 rp{n)rpil] 
T 11 -'12 


-1-11 ^12 1 




rpin+1) 

-'21 


_ \rp{n) rp{2)-, 
— [-'11 ) -'21 , 


1 rp{n)rpil] 
T 11 -'21 


rp(l)rp{n) 

-'ll -^21 ! 


(2.24) 


-^22 


_ [7^(2) Tn(n)i 
— [-^12 ) -^21 . 


1 rp{n)rp(l] 

"T 11 -^21 


rp{l)rp{n) 
^11 -'22 





(2.25) 



III RTT Relation and Long- Range Interaction Mod- 
els 



Let us apply the Yangian approach to the long-range interaction models. Following the 
notation of Ref. |jl6| (hereafter it is denoted by BGHP) the solution of Yang-Baxter 
equation, i?-matrix, takes the simplest form as 

Roo'{u) = u + XPoo> (3.1) 
and the RTT relation (|1.1|) reads 

Roo^u - v)T\u)T^\v) = T'''{v)T\u)Roo'{u - v) (3.2) 
where r°('u) = T('u)®l, T*^' = 1®T(m) and Pqo' is the permutation operator exchanging 



the two auxiliary spaces and 0'. Make the expansion |16 

p 



00 \rn{n) 
^-'-ab 



-Poo' 



a,b=l n=0 
P 

^ba^ab i 

a,b=l 

^bcXad — SadXch- 



+1 



(3.3) 

(3.4) 
(3.5) 



As was pointed above that {T^^^^} generate the Yangian associated with sl{n). Substi- 
tuting eqs. ( |3.1| ), ( |3.3| ) and ( P^ ) into eq. ( |3.2| ) one finds 



-n— 1 fn 



m=0 



/3 



where 



(3.6) 



fn 
Jl 

fn 
J2 



\rp{n) ^(0)1 
rT^(O) rj,{n)i 



/3 



i{n)rp{m) 7-1(01.) 7-i("-)^ _|_ \rp{n+l) rp{m)-\ 



ah ^ cd 



!rp{n) rp{m,+ l)^ 

l-'^ab ^ -'-cd J 



For any auxihary space {Xab} we require fi=f2= fs'"^ = 0. Obviously, = can 
be induced from /" = 0. So we need only to take 



n,m g 



(3.7) 



into account. 



First from /-^'^ = it follows 



r rp{n+l) 

ObcJ- ad 



_ r rp{n+l) _ •^/rp{0)rp{n) _ rp{n) rp{0) ^ . rrp{n) rp{l)-l 

fJad-^cb — '^K-'^ad -'^ cb ad cfe J [-^ ab ' cd J 



(3.8) 



which can be recast to 



Tn(n + 1) _ Tn(n + 1) ^ \(rn{0)rTi(n) _ rp{n)rp{0)\ , rrp{n) rj,(l)l 

aa cc ^\ aa cc aa cc J ~ I ac y ca 1 y 

where no summation for the repeating indices is taken. Eqs. 
can be determined by iteration for given T^^-* and T^l^ . 
Now let us set 



^(0) 



N 



(1) 



ab 



E ^ab 1 

i=l 
N 

E I'a^D, 



(3.9) 
(3.10) 

and (|3.10| ) imply that 



(3.11) 
(3.12) 



i=l 
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and 

[lab^ ^Id] = ^iji^bJld - ^adKb) (3-13) 

where Di are operators to be determined. can be understood as internal degree of 

freedoms, such as spins. Substituting eqs. ( |3.11| )-( |3.13| ) into fl we obtain 

Y.Y.UD^,IU=^- (3.14) 

i 3 

Further we assume 

E/:JA,/^]=0, for any J (3.15) 

i 

with which the T^^' should satisfy 

i^j { k,l 

+ Y.{6,J:,D^ - 5adIl,D^) . (3.16) 

i 

A sufficient solution of eq. ( |3.16D is 



Ti?=E^:6A' (3-17) 

i 

with 

[D,,D,] = Xj2liMD,-D,) . (3.18) 

a,b 

Thus eq. ( p.l2| ) generates long-range interaction through the eq. ( |3.15| ) and ( p.l8| ) . How- 
ever so far there is not simple relationship between Di and I^f^ which should satisfy 



eq. ( |3.15| ). It is very difficult to determine the general relationship. Fortunately, BGHP 



have set up the link with the help of projection. Let the permutation groups Si, S2 and 
S3 be generated by K^, Pij and the product PijKij respectively, where exchange 
the positions of particles and Pij exchange the spins at position i and j. The projection 
p was defined as 

p{ab) = a for Va G S2, 6 G Si , (3.19) 



i.e. the wave function considered is symmetric. Let 1*^, be the fundamental representa- 
tions, then 



P'^J = E PaMa ■ (3.20) 

a,b 

Suppose that there exists 

Di = p{Di), Di e S2, A e Si (3.21) 
and the Di is particle-hke operators, i.e. 

Kijb, = D,K,,, Kijbi = biKij {1^1,3). (3.22) 
Define 

Tif = E laADT) {m>0), (3.23) 

i 

then 

(a) [D,, A] = A/9-i(P,,(D, - A)) = A(A - A)i^.j . (3.24) 

(b) T^^^^ satisfy eq. (^), i.e., RTT relation eq. 
Actually /{* = is easy to be checked. By using 

n— 1 n— 1 

[A", D™] = [A, bf]b]-''-' = xJ2 A'(A" - bf)bj-''-'K,j , 

fc=0 fc=0 

we have '"^ = 0. 

The projection procedure is very important for it enables us to prove that eq. (|3.7| ) 
is satisfied by virtue of eq. (p.21|) . 



With the expansion eq. ( p.3|) and the projected long-range expansion eq. (|3.23|) , the 
hamiltonian associated to T{u) is obtained by the expansion of the deformed determinant 
10: 

det,T{u) = eia)T,,,iu - (p - l)A)r2.,(n - (p - 2)A) . ■■T^.^iu) . (3.25) 



A calculation gives 

detqTiu) = 1 + -M + ^ 
u 



i j^i 



+A(M-1)E(A-^E^^.) 

i j^i 

+ —M{M - 1)(M - 2) + — M(M - 1) ^ + • • • 
One takes the Hamiltonian as 

^ = ^p((EA-^E^^.)' + ^ E K^^K,, 



(3.26) 



(3.27) 



Therefore we define the Hamiltonian which have the Yangian symmetry given by eqs. ( p.l3| ), 
( ICTI) and dO^). The Hamiltonian is concided with the results of Refs. [0, g. 

In comparison to the known models we list the expressions for Di satisfying eq. ( |3.24D 
(1) A = Pi + I Ei^j [sgn(2;j -Xj) + l]Kij, A = 2il, 

(3.28) 



^ = ^Ep' + ^E^(^-^^.)'^(^^-^.)- 



(2) A = Pi + Ei^j l[i cot a{xi - Xj) + A = 21, 



H 



2Y 2^sm a(xi-a;j-, 



(3.29) 



This is the famous Calagero- Sutherland model with an internal degree of freedom. 
(3) Di = Pi + il Ei^j[cotha(xi — Xj)P^ + tanha(xi — Xj)P^j + l\Kij, \ = 2il , 



Pi. 



cosh a(xi — Xi 



(3.30) 



where P^ = fj jg quantum number with = \. At the case of Pij = 1, eq. ( |3.3U| ) 



was first introduced by Calogero etc. and studied recently by Sutherland and Romer 
in Ref. 



An alternative description of transfer matrix was given by BGHP. Define 

i)i = bi-\Y^K,, , 



(3.31) 
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then 



[A, A 

Kij, Dk 
It was proved that 



, 
A . 



Pr 



T,{u) = 1 + A T{u) =\{%{u) and p{f{u)) 

all satisfy the RTT relation. 

The deformed determinant of T{u) was defined by 
Am{u + X) 



M 



detqT{u) 



It was proved that 



i=l 



p{detqT{u)) = detq{T{u)) . 



We can give another kind A satisfies eqs.( p.32|) , and ( p. 331) etc 



[b,,b,] = 2(3P+Ah;-b,)K,, 



and 



(3.32) 
(3.33) 
(3.34) 



(3.35) 



(3.36) 



(3.37) 



(3.38) 



(3.39) 



The Hamiltonian can be obtained from eq.( p.36| ) or from the following equation 

where P^^^ = Pj^Pp,. Now we have two sufficient solutions of Dij: 
(1) A =Pi + l[i cot a{xi - Xj) + l\KijP^j, A = 21, 

7t_1y^2,1v^ /(/ - aPjj) + 
2Y 2^sm a{xi-Xj) 



(3.40) 



(3.41) 



Eq. ( ^.41 ) is the generalization of the spin chain model ( 3.29| ) considered by BGHP 
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H=Ij:p' + IT.KI- P^Mx, - . (3.42) 



On condition that Pjj = ±1, eq. ( |3.42|) was first pointed out by Yan |jT9[ through Bethe 



Ansatz, he also found the Y-operator defined by Yang for his model 

Y^' = } - cP,T] l-^k.,P-^ + cP^^] (3.43) 

where c = /(/ ± 1), P"'^ is the permutation, and Y satisfies p 

Y^M^Y:;' = Yl^'Y-'Yf,^ (3.44) 

In conclusion of this section we have shown the consistence between Yangian symme- 
try and the integrability of Polychronakos for long-range interaction models and given 
the interpretation of model ( p.30| ) and Yan model ( |3.42| ) from the point of view of YB 
system. 

IV Truncated Yangian and GC Gyrostat 

In this section we shall show that by making the truncation of the expansion ( |1.5| ) at 
n = A (i.e. t'^ = 0) and set yU = in ( |2.3| ) the set of commutation relation ( p.20| )-( pr25| ) 
is equivalent to the Goryachev-Chaplygin(GC) gyrostat. 

The Goryachev-Chaplygin(GC) top is completely integrable in sense of Liouville as 
shown in the literature (^D], In the quantum case the GC top is extended to the 
quantum GC gyrostat whose Hamiltonian takes the form |^D|, pT| : 

H=^{J^ + 3Jl)-bx,+pJ, (4.1) 



where J"^ = Jf + J2 + J| and b are parameters. The quantities appearing in eq. (^TTp 
satisfy the following commutation relations: 

[t/j, t/j] i^ijkJk 1 
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[Xi,x^] = 0, (4.2) 

b> i] = ' 

[p, Ji] = [p, Xi] = [q, Xi] = [q, Ji] = 

where i, j, k take over 1, 2 and 3. The momentum p and coordinate q of mass center 
commute with all the locally dynamic variables. The Hamiltonian eq. ( [4.1|) commutes 
with another integral of motion: 

G = {2Js+p){J^ - Ji) + 2b[xs, Ji]+ (4.3) 

where [^4, 5]+ = AB + BA. In addition to the commutation relations eq. ( [4.2|) there are 



two constraints |21 

3 



J2J^X^ = 0, (4.4) 
=1 

E^' = 1- (4.5) 



i=l 

3 



Eq. i\i.4\ ) plays important roles in proving the quantum integrability of the model. 

Sklyanin has pointed out that the GC gyrostat can be systematically investigated in 
the framework of RTT relation It is interesting to re-derive the GC Gyrostat on 



the basis of the detail analysis of Yangian and explore some points not touched in 



for example, the derivation of more general solution of the transfer matrix T{u) in terms 
of i?-matrix formalism. 

In this section we shall mainly focus on the two points. The first is to show that the 
GC gyrostat represents a new type of Yangian which can be called "truncated Yangian" . 
The second goal is to look for more general form of the transfer matrix T{u) on the basis 
of i?-matrix formalism. 

For solving i^TK^-j^n^ with T^^^ = forn > 4 we first put f^Tf 

Til^ = ap, 4^ = 0, Ti^=Pe^^x+, riJ^ = 76"^^ (4.6) 
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and 

T[f = {p + 9:^Jz){giJ^ + 92Jl + gr>)+gA[J-,X;]+ (4.7) 

where /i, . . . , /s, gi, . . . , g4^, a, /?, 7 and r all parameters to be determined and J± = 
Ji ± iJ2, x± = xi ± ix2 obey the commutation relations shown by eq. (^3). Obviously 
not all the parameters are independent. A can be normalized to be one. Substituting 
eqs. ( [4.6|) and ( [4.7|) together with eq. ( [4.4| ) into eq. ( p.20|) -( p?25D after lengthy calculations 



by hand we find 

13 1 

T = -ia'^X, fi = --A, /2 = --A, /s = a, /s = -—A, 
4 4 lo 

gi = -5'2 = -Ttt, fi^s = -Aa , g4 = 7/4, fl-s = -t^«- 
4 4 lo 

Denoting fA = f the solution T^^^-* reads: 

Ti? = -^X{J^ + 3Jl + ^) + apJs + fx., t!S = X-^-i(3x+, 

T[f = -X-'(3e^^(^-^[J^,x,U + x4XJs-ap)y = 76-^^3, 

^1?^ = -\aip-Xa-'j.,){J'-Ji + \) + \f[J.,x,U, 

T# = \x-'P^[J+,x,] + , (4.8) 

= -X^Pe^'^S^fxl-^a[J+,Xs]+{p-Xa-'Js)Y 

Ti? = -^7e--(J^-J| + ^). 

Therefore the truncated Yangian can be viewed as a mapping of the algebra given by 
eq. 

Let us calculate the Casimirs through 

detgr(ii) = Tii{u)T22{u - 1) - Ti2{u)T2i{u - 1) 



,^ , in-l)\l\ ^ ' 

n,l=\},m=l \ ' 

= E^'C', (4.9) 



1=0 
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it gives 



Co = 0, Ci = ATT^i) 



22 5 



m + Z = j 



m-l)\l\ 



-22 



+ E - ' ^^^^ - ^ (4.10) 

m, n 7^ 

Substituting the derived T{u) into eq. ( [4.10| ) we obtain 

detqT{u) = u-^{u - l)-^X-^f{u^ -u + ^){x+x^ + xj). (4.11) 

So only I]i=i 2;? is a Casimir operator, i.e. Cm = for m < 4, C4 = A~^/X]f=i 2;^ that 
commute with Jj. The constraint eq. ( [4.5|) does not play role in solving the RTT relation. 
By choosing a proper representation eq. ([4.5| ) can be taken that is automatically satisfied 
by virtue of [detgr(M), Tab{v)] = 0. Notice that detgT{u) has zero's at u = ^ and m = | 
where the inverse of T{u) can not be defined. 

It is worth noting that the commutation relations shown by eq. ( |4.2| ) are invariant 
subject to a transformation: 

= E AbJb, < = E ^<^bXb, (a, & = 1, 2) (4.12) 

6 b 

where 

^11 = e^22, ^12 = — e^21, 1 q\ 

42 I 42 _ 1 ^ LI _ /I I'^'-'-'Jj 



This transformation is useful to transform the Hamiltonian in preserving the RTT rela- 
tion. 

Let us turn to the conserved quantities for GC gyrostat. 
By taking the trace of the transfer matrix one obtains 

trT(it) = A + u'^ap + {''\'^^'^'^ + ^"^3 "^"^^ ^ ^ ^~^'^^^+} + 

- AJ3)( J2 - Jl + ^) + /[J-, X3]+ + A-V7[^+, ^3] + } • (4.14) 
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u ^ 



Hence we have the Hamiltonian Hp and another conserved quantities Gp'. 

Hp = ^{iA(j2 + 3J|)-/x_-A-i/?7x+-apJ3} + ^A, (4.15) 

Gp = ^|(ap-AJ3)(J'- J| + ^) + /[^-,^3]+ + A-i/37[J+,X3] + }. (4.16) 

If one requires 

AX-'p-ff = b\ (4.17) 



then there is rotational invariance about the axis. By virtue of eqs. ( |4.8| ) and ( |4.12| ) 
we find that eqs. ( |4.15| ) and ( [4.16| ) are reduced to 



Hp = ^ I ^A( J' V 3 J'g) -ape J'aj + const. (4.18) 

Gp = -l|(ap-eAJ'3)(/'-/3 + ^) + fe[x3,J'i] + } (4.19) 

which are exactly those given by Sklyanin Obviously, the parameters A and r 

are trivial in the solution of T{u) and /5, 7 can be viewed as the consequence of T{u) 
subject to a similar transformation. Therefore only parameters / and a are essential 
in determining the form of T{u) though / does not appear in the Hamiltonian. The 
simplest realization of quantum GC top is a quantum mechanical system on sphere. 

Taking the constraints eqs. ( [4.4|) and ( [4.5|) into account the simplest realization of Jj 
and Xi can be made through 

Xi = ni{t), (4.20) 
Ji = -ieijknj{t)hk{t) {i,j,k = 1,2,3) (4.21) 

that give = —n ■ n. 

In conclusion we have shown that the truncated Yangian gives rise to quantum 
integrable system with finite number of conserved quantities and make the system work 
in higher than (1+1) dimensions. 

The trigonometric extension of the truncated Yangian will be the "truncated" affine 
quantum algebra which is the generalization of Drinfeld's statement discussed in Ref. ||^. 
It gives g-deformed GC gyrostat. In the following section, we will show it. 
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V Further Development 



Along the same lines discussed in the section III and IV we are able to develop the idea: 
for a given i?-matrix find the corresponding r(u)-matrix. 

(1) The first extension should be made for the i?-matrix given by the standard 6- vertex 
form whose rational limit leads to (|1.3| ). The trigonometric i?-matrix takes the form: 



Rt(x) 



aix) 



w b{x) 
b{x) w 



a{x) 



RT{xy-'){T{x) ® ny)) = {T{y) ® T{x))RT{xy-'] 



(5.1) 



(5.2) 



where a{x) = qx — q x , b{x) 



w = q — q ^, X = and q = e"' . Following 



Drinfeld the transfer matrix T{u) obeying ( |5.2|) for R = R^ should have the expansion 
form 

+ 00 

T{x) = ^"^^"^ (5-3) 

n=— oo 

We want to find the truncated (affine) solution T^"^ (|?t,| < 3), i.e., which possesses the 



form T{x) = J2 



n=— 3 



X" 



T(") which takes the solution (|]|)-(|4]|) as a rational limit. We 



shall see that this extension will give rise to noncommutative geometry rather than those 



discussed in Ref. pT |. 

After tedious calculations we find that the algebra for truncated T^^^^ {\n\ < 3) in 
( |5.3| ) is equivalent to the algebra A'^ formed by [P,Q] = —i, {P, Q commute with 
J±, x±, Js and 0:3) and 



[J±,x±] 

[4, ^3] 

q~^Jj.x^ 



['J3,X3] = 0, 

±J3, [J+,J-] = -g[J3]g, 
x±, 

0, x±X3 = q^'^X3X±, 



(5.4) 



X 



X3 
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with + 5_ = ±1, and the constraint condition 

g[Jz]qX^ + r^K-^-J+x. + T+K^+,Lx+ = (5.5) 



when g — i> 1, A"^ returns to (|4.2|) , namely ( ^.4|) is nothing but the trigonometric extension 

of 13). 

The expression of Tl^\n < 3) in terms of {J±, £±, J3, £3} is exphcitly given in 



Ref. |22|. Also the Hamiltonian H and another conserved quantity G have the forms: 



H = 2iX3{aa^\q-l)wg-^cos[ri{P + ^J3)]J+L 

+2sin(e?7J3)(sin[r7(P + ^Ja] - a-^as^^ sin[r](F + ^^3 + ^)]) 

+ (aa2~'(? + 1) + 2) cos(eP)} + D+, (5.6) 

G = -2i\3 l^aa^^iq - l)wg^^J+J^ + 2{aa2^q^ cos[^r]{J3 + ^)]) 

+ cos(er/J3)} sin[77(F + ^3] + I^-) (5.7) 

where q = e^^^ and D± are given by 

D± = e± {A3-ia2/9l'^(±45^3i^"' + (1 - q-Y^q-^^^+T+K^+-\a-^a2q-^ T l)x+) 
+ X^+\J-X3 + (1 - g-i)-ig-^+r_Ki+^+(l ^ g-ia-iaa)^-)} (5.8 

for 6+ + 6^ = 1, and 

D± = e± {A^^a2/9+ Vi^si^ + (1 - g)"'g'+^+r+K'^++^(aa2"^g t l)x+) 

+ aL'Ht^+X3 + (1 - q)-\'^+r_K^+^+{aa^\ T l)x-)} (5.9) 

for (5+ + 5_ = —1, with e+ = z, e_ = 1. 
It is noted that 

a = ±q^^a2 (5.10) 
in (^ and (j^). 
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We would like to remark that for the given standard 6- vertex /2-matrix ( |5.1| ) we find a 
set of solution for truncated RTT relation . The solution can be realized through the 
algebra (|5.4|) and corresponding conserved quantities (|5.6|) and ( W^ - Eq- ( ^-41) naturally 
yields the non- commutative geometry. Since the considered system is axially symmetric 
so that the coordinates on {xi, X2) plane are commute with each other, whereas the 
third coordinates X3 does not commute with them. 

(2) For the Yangian case (A = /i = 1 in ( p.3|) ) more possibility of realizations of the 
transfer matrix T^^^^ in ( |1.5|) can be found. 

The interesting examples are those expressed in terms of the second quantization 
forms. They allow to obtain some physical Hamiltonian from Yang-Baxter systems ex- 
pressed by annihilation and creation operators. For instance we may ask whether the 
Hamiltonian of 1-dim. Hubbard model can be obtained from the RTT relation. The 
answer is yes. The calculation will appear elsewhere. 

We would like to thank Prof. Y.S. Wu and Prof. F.D.M. Haldane for their enlighten 
discussions during the 7-th Nankai Workshop. This work was supported in part by the 
National Natural Science Foundation of China. 



19 



References 

[1] V.G. Drinfeld, Sov. Math. Dokl. 32, 254-258(1985). 

[2] V.G. Drinfeld, Quantum Group, Proc. of the ICM-86, (Berkeley) Vol.1 New York. 
Academic press 1986, pp789-820. 

[3] V.G. Drinfeld, Sov. Math. Dokl. 36, 212-216(1988). 

[4] J. Ding and LB. Frenkel, Commun. Math. Phys. 156, 277-300(1993). 

[5] E.K. Sklyanian, Quantum inverse scattering method, selected topics from "Quan- 
tum Group and Quantum Integrable Systems", World Scientific, Singapore(1991), 
pp.63-88; 

L.D. Faddeev, N.Yu Reshetikhin, L.A. Takhtajan, Algebra and Analysis, 1.1, 118- 
206(1989) (in Russian); 

N.Yu. Reshetikhin, M.A. Semenov-Tian-Shansky, Lett. Math. Phys. 19, 133- 
142(1990). 

[6] M. Jimbo, "Introduction to the Yang-Baxter equation". Advanced series in math- 
ematical physics, Vol.9, World Scientific (Singapore) 1989, pp. 111-134. See the ref- 
erences therein. 

[7] RR Kulish and E.K. Sklyanin, Lecture Notes in Physics V.151, 61-119(1982). 

[8] C.N. Yang, Phys. Rev. Lett. 19, 1312(1967); Phys. Rev. 168, 1920(1968); 

R.J. Baxter, Exactly solved models in statistical mechanics, (Academic, London, 
1982). 

[9] F.D.M. Haldane, Phys. Rev. Lett. 60, 635(1988). 

[10] B.S. Shastry, Phys. Rev. Lett. 60, 639(1988). 

[11] A. Polychronakos, Phys. Rev. Lett. 69, 703(1992). 

20 



[12] J.A. Minahan and A. Polychronakos, Phys. Lett. B302, 265(1993). 

[13] B. Sutherland and B.S. Shastry, Phys. Rev. Lett. 71, 5(1993). 

[14] Z.N.C. Ha and F.D.M. Haldane, Phys. Rev. B46, 9359(1992). 

[15] K. Hikami and M. Wadati, J. Phys. Soc. Japan 62, 469(1993). 

[16] D. Bernard, M. Gaudin, F.D.M. Haldane and V. Pasquier, J. Phys. A26, 5219 
(1993). 

[17] F. Calogero, O.Ragnisco and C. Marchioro, Lett. Nuovo Cimento 13, 383(1975). 

[18] B. Sutherland and R.A. Romer, Phys. Rev. Lett. 71, 2789(1993). 

[19] M.L. Yan, Z. Chen, "Rational solution of Yang-Baxter equation and ID many-body 
problem with generalized Delta-function", 1989, preprint. 

[20] l.V. Komarov, Theor. Mat. Fiz. 50, 402(1982). 

I.V. Komarov and V.V. Zalipaev, J. Phys. A17, 31(1984). 

[21] E.K. Sklyanian, Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Mat. In- 
stit. im. V. A. Steklova AN SSSR 133, 236(1984); 

Nankai Lectures on Mathematical Physics: Quantum Group and Quantum Inte- 
grahle Systems., (World Scientific, 1991, Singapore), pp63-68. 

[22] M.-L. Ge and K. Xue, "Truncated SLq{2) Algebra: Trigonometric Goryachev- 
Chaplygin Gyrostat" , preprint, 1994. 



21 



